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Minimum Drag Power-Law
Shapes for Rare� ed Flow
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S PACE missions that will involve upper atmosphere penetra-
tion have led to a recent interest in minimum-drag rare� ed-� ow

aerodynamic shapes. Though there is an extensive body of litera-
ture on minimum-drag shapes using continuum assumptions, com-
paratively little attention has been focused on performance in the
large-Knudsen-numberregime. Carter1 determined minimum-drag
shapes for missile nose cones in rare� ed � ow using kinetic theory.
Three separate conditions were explored: specular re� ection from
a smooth surface, specular re� ection from a rough surface, and dif-
fuse re� ection from a smooth surface. Each minimization assumed
that thermal velocity was negligible.The calculus of variationswas
used to produce the following ordinary differential equations1:
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where yx is the � rst derivativeof y with respect to x and ² is the pos-
itive differencebetween the re� ection and incidence angle. Though
the specular and diffuse formulationsappear similar, they are in fact
unique. Clearly, the minimum-drag shape is dependent on the na-
ture of the gas-surface interaction, which is highly speci� c to gas
species and surface material, and is in general poorly characterized.
The specular equation for rough surfaces collapses to the smooth
specular equation in the limit ² ! 0.

Aerodynamic Model
The goal of the present work has been to reexamine minimum-

drag geometries in rare� ed � ow using more modern computational
techniques, with an aerodynamic model that accounts for thermal
velocity effects that are important at shallow impingement angles.
Since Carter’s initial work, numerical techniques have become in-
creasinglyavailablefor thecalculationof forcesin a rare� ed � ow, in-
cludingdirect simulation,which seeks to model each � ow molecule
statistically.2 For practical numerical optimization analytical solu-
tions for the surface forces are still useful for the reduction of com-
putational time and the understandingof underlying physics.

Drag per unit surface area is given generically by
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where the angle de� nitions are represented in Fig. 1 and m and V
are particle mass and velocity, respectively. The impingement rate
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Fig. 1 Physical representation of aerodynamic model.

of Maxwellian particles striking unit area per unit time caused by
thermalvelocityis givenby In D n Nc/4,where Nc is theaveragethermal
speed and n is the number density.3 The total � ux should properly
be calculated by construction of a velocity distribution function,

which is biased to the freestream, but this approach yields dif� cult
solutions for all but a few specialized gas-surface assumptions. At
typical orbital velocities thermal velocity is approximatelyan order
of magnitude smaller than freestream(Vin À Nc). Under these condi-
tions, � ux can be simpli� ed by linearly summing the thermal and
freestream � ux:

Im D ½.Vin sin µ C Nc=4/ (3)

where ½ is the mass density and sin µ is the unit capture area of a
surface inclinedat angleµ to the � ow. The effectof thermal impinge-
ment is most signi� cantat surfaceanglessmaller than sin¡1. Nc=4Vin/.

Gas-Surface Interactions
The results of gas-surface interaction must be parameterized in

order to characterizethe reboundmomentum. The range of possible
re� ection solutions is bracketed between complete accommodation
and perfectly specular re� ection. The most likely surface interac-
tion will be somewhere in between these limits, with some loss
of average momentum and energy exchange, as well as some de-
gree of diffuse � ux distribution.Completely diffuse re� ections can
be thought of as the outgassing of a particle, which hit at some
previous time and stuck for a while. The velocity of the particle
is therefore, at most, only mildly related to the incoming particle
velocity.2 Previous work has reported that the scatteringpattern of a
diffuse re� ectionis, on a limited scale,proportionalto a polarlyplot-
ted trigonometricdistribution,which is symmetric about the surface
normal.4;5 This distribution, which has been used in Monte Carlo
simulation schemes,6 is shown in Fig. 2. Various experimental ef-
forts have shown re� ection patterns with some degree of diffusive
distribution.This distributionhas been added to the present solution
as a parametrically speci� ed function.

In specular � ow Eq. (2) is written as

.D=A/jspec D Im Vin[1 ¡ cos.2µ/] (4)

With diffuse re� ections the momentum � ux of the integrated re-
� ectionpattern is equivalentto a reboundnormal to the surface,with
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Fig. 2 Cosine law representation of the diffuse re� ection possibilities
from Ref. 6.

an “effective” velocity that is 2
3 the maximum velocity of rebound;

this is caused by tangential velocity components:

.D=A/jdiff D Im Vin
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To match the Carter solution, the diffuse re� ection is restricted to
havingonly a normal component(µ 0 D ¼=2), which means that there
are no tangentialvelocitycomponentsupon leavingthe surface.This
represents the special case of particles having no memory of their
original momentum when they leave the surface. In reality this is
an oversimpli� cation, as some fraction of tangential momentum is
typically retained. Making use of a trigonometric identity, Eq. (5)
becomes

.D=A/jdiff D Im Vin
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The complete drag equation minimized here has been formed from
a linear combination of Eqs. (4) and (6):

.D=A/jcomplete D ».D=A/jspec C .1 ¡ »/.D=A/jdiff (7)

The coef� cient » is used to determine the percentof specular re� ec-
tion during a simulation. This equation can be easily employed in
drag calculations of simple shapes.

Minimum-Drag Solution
Minimum-drag solutions can be sought in the class of power-law

axisymmetric bodies described by

Ny D ¿ Nxm (8)

where Ny and Nx are radial and axial dimensions, respectively, nor-
malized by the body length l and ¿ is the slenderness ratio (that is,
ratio of base radius to body length). Equation (7) is rewritten in sine
terms by making use of the cosine double angle formulations:

D=A D ½V 2.sin µ C 1=4s/
©
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(9)
where s D V= Nc. The sine of the surface governed by Eq. (8) is

sin µ D tan µ
p

tan2 µ C 1
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The surface area of a body of revolution is given by

A D 2¼

Z 1

0C
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p
1 ¡ .m¿ /2 Nx2m ¡ 2 d Nx (11)

The integral has no solution at Nx D 0, and so it is evaluated at 0C.
Calculations on the interval [0, 0C] assume a cone shape. The total
drag on the power-law body is
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Upon algebraic reduction, Eq. (12) is written as
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where
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Thus, the drag on the power-law shape is a function of slenderness
ratio ¿ , exponent m, and specular-to-diffuseratio » .

Numerical Minimum-Drag Results
Carter reported solving the ordinary differential equation [ODE;

Eq. (1)] for minimum drag numerically using a second-orderEuler
solution.From this solutionCarter provideda table of datapoints for
an example specular minimum-drag solution. In this present work
the governing ODE has been solved using a fourth-order Runge–

Kutta method. Some discrepancieshave been found with the Carter
solution, most likely as a result of the improved accuracy of the
fourth-order scheme. The Runge–Kutta solution and Carter’s re-
ported data are compared in Fig. 3. The numerical solution of the
drag ODE is sensitive to the step size (1x ) so that it is not surprising
that a more accurate solution is obtained with modern computing
resources.

Specular and diffuse solutions obtained with the Runge–Kutta
method are provided in Fig. 3. The results are not power-law shapes
themselves, but they can be closely � tted with power-law curves
whose nonnormalized coef� cients are shown on the plot. These
curve-� t shapes have been solved for the special case of ¿ ¼ 0:1

Minimum-drag shapes were � rst solved under conditionsof neg-
ligible thermal velocity (to match the Carter solution), mass density
(½) of 6.2E-9 kg/m3 (approximately an altitude of 130 km), and a
spacecraft velocity of 8 km/s. Minimum-drag exponents are plotted
for a range of ¿ in Fig. 4. It is seen that both the specular and diffuse
curvesvary across a wide range of optimum power-lawexponentm.
Also, both curves follow a similar trend; as the body becomes less
slender (that is, as ¿ increases), the minimum-drag shape tends to
have greater curvature (lower value of m). For ¿ ¼ 1:0 the optimum
shapes have similar values of power-law exponent. In this regime
the minimum-drag shape is insensitive to the re� ection condition,
though its performance (that is, magnitude of drag) obviously will
be. The very slender Carter shapes for both specular and diffuse
conditions (which were presented in Fig. (3) are found in these

Fig. 3 Solution to the specular and diffuse Carter ODE and curve � ts.
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Fig. 4 Minimum-drag power-law coef� cients for negligible thermal
velocity.

Fig. 5 Minimum-drag power-law coef� cients for � nite thermal
velocity.

curves,as theCarter solutionis a subsetof thisminimumdragpower-
law solution. These shapes resemble power-law functions with ex-
ponents ranging between 2

3 and 3
4 , quite similar to minimum-drag

shapes derived for hypersonic� ow under the continuumNewtonian
� ow assumption of total loss of normal momentum.

Additional calculations were performed with thermal velocity
component on the order of one-tenth the spacecraft velocity (which
is characteristic for 130-km altitude). Minimum drag coef� cients
for this condition are shown in Fig. 5. Compared to Fig. 4, the
specularcurvehas essentiallyno changewith theadditionof thermal
impingement.

Conclusions
Numerical results indicate that the power-law exponent, which

corresponds to a minimum-drag body in rare� ed � ow, is a function
of not only the gas-surface interaction model, but the relative mag-
nitude of thermal (that is, random) velocities under realistic orbital
conditions. The cases presented include a wide range of practical
conditions for an axisymmetric body, although the choice of an
optimal shape will obviously depend on the surface material and
ambient atmospheric composition. More complicated geometries,
includingnonaxisymmetricshapes,volume-constrainedforms,etc.,
would havedifferentresultsand might have to be solvedwith a com-
pletely numerical formulation. In the cases studied, the resulting
minimum drag nose geometry under assumption of specular re� ec-
tion is a weak function of the thermal velocity component. Such
a result is to be expected because thermal velocity only in� uences
drag at shallow surface angles, though specular collisions transfer

little momentum at shallow angles. In contrast, the exponent for a
minimum-drag shape under diffuse re� ection was insensitive to the
additionof thermal impingementat large ¿ but signi� cantlyaffected
at ¿ < 0:5. In this range the optimum nose shape approachesa cone
(m D 1) because the shallow surface angles receive signi� cant mo-
mentumtransferas a result of the thermalvelocity.At valuesof slen-
derness ratio in the range 0:4 < ¿ < 1:0 with thermal velocity equal
to 1

10
freestream velocity, the mimimum-drag power-law exponent

is nearly identical for either specular or diffuse re� ection models.
This has the very practicalbene� t that a minimum-dragshapecan be
selected even though there might be signi� cant uncertainty regard-
ing the nature of gas-surfaceinteractions.The magnitudeof drag on
that optimal shape will be dependent on the surface interactions.
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Nomenclature
F = dimensionless frequency, 2¼ f º=U 2

n = oblique wave azimuthal mode number
s = azimuthal spacing between actuators
x , y, µ = streamwise, wall-normal, and azimuthal directions
¸ = spanwise wavelength
Ã = oblique wave angle
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